The multiple Dirichlet product and the multiple Dirichlet series (Analytic Number Theory : Arithmetic Properties of Transcendental Functions and their Applications) by 小野塚, 友一
Title
The multiple Dirichlet product and the multiple Dirichlet series
(Analytic Number Theory : Arithmetic Properties of
Transcendental Functions and their Applications)
Author(s)小野塚, 友一




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University




Euler-Zagier $\zeta_{EZ,k}(s_{1}, \ldots, s_{k})$ ,
$\zeta_{k}^{*}(\mathcal{S}_{1}, \ldots, s_{k})$
$\zeta_{EZ,k}(s_{1}, \ldots, s_{k}):=0<m<m_{2}<\cdots<m_{k}\sum_{1}\frac{1}{m_{1^{1}}^{s}m_{2}^{s}\cdots m_{k}^{s_{k}}2}$ (1.1)
$\zeta_{k}^{*}(s_{1}, \ldots, s_{k}):=\sum_{0<m_{1}\leq m_{2}\leq\cdots\leq m_{k}}\frac{1}{m_{1}^{s_{1}}m_{2}^{s_{2}}\cdots m_{k}^{s_{k}}}$ (1.2)
$s_{i}(i=1, \ldots, } [3] 2 (1.1)$ ,(1.2)
$\{(s_{1}, \ldots, s_{k})\in \mathbb{C}^{k}|\Re(s_{k}(k-l+1))>l(l=1, \ldots, k)\}$ (1.3)
$s_{k}(n)=s_{n}+s_{n+1}+\cdots+s_{k}(n=1, \ldots, k)$







$\zeta_{2}^{*}(s_{1}, s_{2})=\zeta_{EZ,2}(S_{1}, \mathcal{S}_{2})+\zeta(\mathcal{S}_{1}+s_{2})$ ,
$\zeta_{3}^{*}(s_{1}, s_{2}, s_{3})=\zeta_{EZ,3}(s_{1}, s_{2}, s_{3})+\zeta_{EZ,2}(s_{1}+s_{2}, s_{3})+\zeta_{EZ,2}(s_{1}, \mathcal{S}_{2}+\mathcal{S}_{3})$
$+\zeta(s_{1}+s_{2}+s_{3})$ .





$F(s_{1}, \ldots, s_{k};f):=\sum_{m_{1},\ldots,m_{k}=1}^{\infty}\frac{f(m_{1},.\cdot.\cdot.\cdot,m_{k})}{m_{1}^{s_{1}}m_{k}^{s_{k}}}$ (1.4)






De la Bret\’eche[2] De la Breteche
(1.4) $f(m_{1}, \ldots, m_{k})>0$
(1.4)
2 Dirichlet $*$ 3
2 Dirichlet (1.4)
( 3.5).
Dirichlet $F(s_{1}, \ldots, s_{k};f)^{-1}$
Dirichlet $F(s_{1}, \ldots, s_{k};f^{-1})$
$\zeta_{k}^{*}(s_{1}, \ldots, s_{k})$
2 Dirichlet $*$




$U=U_{k}:=\{f\in\Omega|f(1, \ldots, 1)\neq 0\}.$
$a=(a_{1}, \ldots, a_{k})$ $k$
1 1 (1, . . . , 1)
$k$ $a\cdot b$
$(a_{1}b_{1}, . . . , a_{k}b_{k})$
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Definition 2.1. $f,$ $g\in\Omega$ $n\in \mathbb{N}^{k}$ Dirichlet $*$





$I(n):=\{\begin{array}{ll}1 (n=1) ,0 (otherwise).\end{array}$
Theorem 2.2. (Vaidyanathaswamy $[5J)(U, *)$ Abel
$I$
$f\in U$ Dirichlet $f^{-1}(n)$
;
$f^{-1}(n)=\{\begin{array}{ll}\frac{1}{f(1)} (n=1) ,-\frac{1}{f(1)}\sum_{a\cdot b=n ,b\neq n}f(a)f^{-1}(b) (n\neq 1) .\end{array}$
1 Dirichlet (1.4) (1. 1) (1.2)
2 (1.1)
$u_{EZ}(n):=\{\begin{array}{ll}1 (n_{1}<n_{2}<\cdots<n_{k}) ,0 (otherwise),\end{array}$
Euler-Zagier
$\zeta_{EZ,k}(s_{1}, \ldots, s_{k})=F(s_{1}, \ldots, s_{k};u_{EZ})$
Dirichlet (1.2)
$u^{*}(n):=\{\begin{array}{ll}1 (n_{1}\leq n_{2}\leq\cdots\leq n_{k}) ,0 (otherwise),\end{array}$
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$\zeta_{k}^{*}(s_{1}, \ldots, s_{k}):=F(s_{1}, \ldots, s_{k};u^{*})$
$u^{*}(1)=1\neq 0$ $u^{*}\in$
$U$ $u^{*}$ 2.2 $u_{EZ}$
$u_{EZ}(1)=0$ $u_{EZ}\not\in U$ 2.2
Dirichlet $F(s_{1}, \ldots, s_{k};f)$
$f\in U$ Euler-Zagier
3 Dirichlet
2 Dirichlet Dirichlet 1
Dirichlet
Theorem3.1. $f,$ $g\in$
$F(s_{1}, \ldots, s_{k};f)F(s_{1}, \ldots, s_{k};g)=F(s_{1}, \ldots, s_{k};f*g)$
$(s_{1}, \ldots, s_{k})$ 2 $F(s_{1}, \ldots, s_{k};f),$ $F(s_{1}, \ldots, s_{k};g)$
Corollary3.2. $f\in U$ $F(s_{1}, \ldots, s_{k};f)$ $F(s_{1}, \ldots, s_{k};f^{-1})$
$R\subset \mathbb{C}^{k}$ $R$ $F(s_{1}, \ldots, s_{k};f)$
Proof. $(s_{1}, . . . , s_{k})\in R$ 3.1
$F(\mathcal{S}_{1}, \ldots, s_{k};f)F(\mathcal{S}_{1}, \ldots, S_{k};f^{-1})=F(S_{1}, \ldots, \mathcal{S}_{k};I)=1.$
3.2 $F(s_{1}, \ldots, s_{k};f)$ $F(s_{1}, \ldots, s_{k};f)$
$F(s_{1}, \ldots, s_{k};f^{-1})$ $R$
$n$ $|f(n)|\leq Cn_{1}^{r_{1}}n_{2^{2}}^{r}\cdots n_{k}^{r_{k}}$
$F(s_{1}, \ldots, s_{k};f)$ $F(s_{1}, \ldots, s_{k};f^{-1})$
Lemma 3.3. $\alpha>1$ ;
$\sum_{d|n}d^{\alpha}\leq\zeta(\alpha)n^{\alpha}.$
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Theorem 3.4. $f\in U$ $C>0$ $n\neq 1$
$n$ $|f(n)|\leq Cn_{1}^{r_{1}}n_{2}^{r_{2}}\cdots n_{k}^{r_{k}}$ $\alpha_{j}(j=1, \ldots, k)$
$\alpha_{j}>1+r_{j}$ $\zeta(\alpha_{1}-r_{1})\zeta(\alpha_{2}-r_{2})\cdots\zeta(\alpha_{k}-r_{k})\leq1+|f(1)|/C$
$|f^{-1}(n)| \leq\frac{n_{1}^{\alpha_{1}}n_{2}^{\alpha_{2}}\cdots n_{k}^{\alpha_{k}}}{|f(1)|}.$
Proof. $n_{1}+\cdot\cdot$ $\cdot+n_{k}$ $n_{1}+\cdots+n_{k}=k$ (
$n=1$ ), $f^{-1}(1)=1/f(1)$
$|f^{-1}(1)|= \frac{1}{|f(1)|}.$
$d>k$ $n_{1}+\cdots+n_{k}<d$ $n\in \mathbb{N}^{k}$ $|f^{-1}(n)|\leq$
$n_{1}^{\alpha_{1}}n_{2}^{\alpha_{2}}\cdots n_{k}^{\alpha_{k}}/|f(1)|$ $n_{1}+\cdots+n_{k}=d$
$n\in \mathbb{N}^{k}$ ;
$|f^{-1}(n)| \leq|\frac{1}{f(1)}|\sum_{b\neq n}a,b\in \mathbb{N}^{k}a\cdot b--n|f(a)||f^{-1}(b)|$
$\leq\frac{C}{|f(1)|^{2}}\sum_{a\cdot b=n ,b\neq n}a_{1}^{r_{1}}b_{1}^{\alpha_{1}}\cdots a_{k}^{r_{k}}b_{k}^{\alpha_{k}}$






Theorem 3.5. $f$ $\alpha_{1},$ $\ldots,$ $\alpha_{k}$ 3.4
$F(s_{1}, \ldots, s_{k};f)$ $F(s_{1}, \ldots, s_{k};f^{-1})$ ;
$\{(s_{1}, \ldots, s_{k})\in \mathbb{C}^{k}|\Re(\mathcal{S}_{j})>1+\alpha_{j} (j=1, \cdots, k)\}.$
$F(\mathcal{S}_{1}, \ldots, \mathcal{S}_{k};f)$ $F(\mathcal{S}_{1}, \ldots, \mathcal{S}_{k};f^{-1})$
;
$(F(s_{1}, \ldots, s_{k};f))^{-1}=F(s_{1}, \ldots, s_{k};f^{-1})$ .
Proof. $f(n)\ll n_{1}^{r_{1}}n_{2^{2}}^{r}\cdots n_{k}^{r_{k}}$ $F(s_{1}, \ldots, s_{k};f)$
;
$\{(s_{1}, \ldots, s_{k})\in \mathbb{C}^{k}|\Re(s_{j})>1+r_{j}(j=1, \ldots, k)\}$ . (3.1)
3.4 $f^{-1}(n)$ $f^{-1}(n)\ll n_{1}^{\alpha_{1}}\cdots n_{k}^{\alpha_{k}}$ $F(s_{1}, \ldots, s_{k};f^{-1})$
;
$\{(s_{1}, \ldots, s_{k})\in \mathbb{C}^{k}|\Re(s_{j})>1+\alpha_{j}(j=1, \ldots,k)\}.$
3.2 3.5
Dirichlet







$\Omega^{*}:=$ {$f\in\Omega|f(n)=0$ $n_{1}\leq\cdots\leq n_{k}$ $n$ }
$f\in\Omega^{*}$ Dirichlet
$F(s_{1}, \ldots, s_{k};f)=\sum_{m_{1},\ldots,m_{k}=1}^{\infty}\frac{f(m_{1},.\cdot.\cdot.\cdot,m_{k})}{m_{1}^{s_{1}}m_{k}^{s_{k}}}=0<m\leq\cdot\cdot\leq m\sum_{1k}\cdot\frac{f(m_{1},.\cdot.\cdot.\cdot,m_{k})}{m_{1}^{s_{1}}m_{k}^{s_{k}}}$
$f\in\Omega^{*}$ Dirichlet
$F(s_{1}, \ldots, s_{k};f)$ Dirichlet
$\Omega^{*}$
120
Theorem 3.6. $(U\cap\Omega^{*}, *)$ $(U, *)$
Proof. $f,$ $g\in U\cap\Omega^{*}$ $f*g\in U\cap\Omega^{*}$ $n_{1}\leq\cdots\leq n_{k}$
$n$ $(f*g)(n)$
$(f*g)(n)= \sum_{a\cdot b=n}f(a)g(b)$
$a\cdot b=n$ $a$ $b$
$a_{1}\leq\cdots\leq a_{k}$ $b_{1}\leq\cdots\leq b_{k}$
$(f*g)(n)=0$ $f*g\in\Omega^{*}$ $f,$ $g\in U$ 2.2
$f*g\in U$ $f*g\in U\cap\Omega^{*}$
$f\in U\cap\Omega^{*}$ $f^{-1}\in U\cap\Omega^{*}$ $f^{-1}\not\in\Omega^{*}$
$n_{1}\leq\cdots\leq n_{k}$ $n$ $f^{-1}(n)\neq 0$
$n$ $n_{1}+\cdots+n_{k}$
$f^{-1}(n)$
$f^{-1}(n)=- \frac{1}{f(1)}\sum_{a\cdot b=n ,b\neq n}f(a)f^{-1}(b)$
$0$ $f^{-1}(n)\neq 0$
$f^{-1}\in\Omega^{*}$
$f,$ $g\in\Omega^{*}\cap U$ Dirichlet
2
$( \sum_{0<m_{1}\leq\cdots\leq m_{k}}\frac{f(m_{1},.\cdot.\cdot.\cdot,m_{k})}{m_{1^{1}}^{s}m_{k}^{s_{k}}})(\sum_{0<n_{1}\leq\cdots\leq n_{k}}\frac{g(n_{1},.\cdot.\cdot.\cdot,n_{k})}{n_{1}^{s_{1}}n_{k}^{s_{k}}})$
$=0<n \leq\cdots\leq n_{k}\sum_{1}\frac{(f*g)(n_{1}.\cdots,n_{k})}{n_{1}^{s_{1}}\cdot\cdot n_{k}^{s_{k}}},$
$(_{0<m1} \sum_{\leq\cdot\cdot\leq m_{k}}.\frac{f(m_{1},.\cdot.\cdot.\cdot,m_{k})}{m_{1}^{s_{1}}m_{k}^{s_{k}}})^{-1}=\sum_{0<m_{1}\leq\cdot\cdot\leq m_{k}}.\frac{f^{-1}(m_{1}.’.\cdot.\cdot\cdot,m_{k})}{m_{1}^{S1}m_{k}^{s_{k}}}.$
(1.2) (1.3) 3.5
Theorem 3.7. $f\in\Omega^{*}\cap U$ $\alpha_{1},$
$\ldots,$
$\alpha_{k}$ 3.4
$F(\mathcal{S}_{1}, \ldots, \mathcal{S}_{k};f)$ $F(s_{1}, \ldots, s_{k};f^{-1})$
$\{(\mathcal{S}_{1}, \ldots, s_{k})\in \mathbb{C}^{k}|\Re(s_{k}(k-l+1))>l+\alpha_{k}(k-l+1)$ $(l=1, \ldots, k)\}.$
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$\alpha_{k}(l)=\alpha_{l}+\alpha_{l+1}+\cdots+\alpha_{k}(l=1, \ldots, k)$
$F(s_{1}, \ldots, s_{k};f)$ $F(s_{1}, \ldots, s_{k};f^{-1})$
;
$(F(\mathcal{S}_{1}, \ldots, s_{k};f))^{-1}=F(s_{1}, \ldots, s_{k};f^{-1})$ .
Proof. $f(n)\ll n_{1}^{r_{1}}n_{2}^{r_{2}}\cdots n_{k^{k}}^{r}$ $F(s_{1},$ . . . , $\mathcal{S}_{k;f)}$
;
$\{(s_{1}, \ldots, s_{k})\in \mathbb{C}^{k}|\Re(\mathcal{S}_{k}(k-l+1))>l+r_{k}(k-l+1)(l=1, \ldots, k)\}$
$r_{k}(l)=r\iota+r_{l+1}+\cdots+r_{k}(l=1, \ldots, k)$ 3.4 $f^{-1}(n)$
$f^{-1}(n)\ll n_{1}^{\alpha_{1}}\cdots n_{k}^{\alpha_{k}}$ $F(\mathcal{S}_{1}, \ldots, s_{k;}f^{-1})$
$\{(s_{1}, \ldots, s_{k})\in \mathbb{C}^{k}|\Re(s_{k}(k-l+1))>l+\alpha_{k}(k-l+1)(l=1, \ldots, k)\}.$
3.2
$f=$
Corollary 3.8. $\zeta_{k}^{*}(s_{1}, \ldots, s_{k})$ ;
$\{(\mathcal{S}_{1}, \ldots, \mathcal{S}_{k})\in \mathbb{C}^{k}|\Re(s_{k}(k-l+1))>l+\alpha_{k}(k-l+1)$ $(l=1, \ldots, k)\}.$
$\alpha_{i}>1(i=1, \ldots, k)$ $\zeta(\alpha_{1})\zeta(\alpha_{2})\cdots\zeta(\alpha_{k})\leq 2$
Dirichlet
$(\zeta_{k}^{*}(s_{1}, \ldots, s_{k}))^{-1}=F(s_{1}, \ldots, s_{k};(u^{*})^{-1})$ .
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